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Mean Flow� eld Scaling of Supersonic Shock-Free
Three-Dimensional Turbulent Boundary Layer
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and
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Rutgers University, Piscataway, New Jersey 08854

The mean � ow� eld of a three-dimensional supersonic turbulent boundary layer, generated by a 20-deg isentropic
compression, was studied experimentally and numerically. Experimental data include surface � ow visualization,
wall static pressures, surface skin friction, and surveys of pitot pressures, yaw angles, and static pressures. Earlier
published comparisons with data computed from the three-dimensional Reynolds-averaged compressible Navier–

Stokes equationswith analgebraic turbulence eddy viscosity closure showgoodagreementwithin experimental and
computationaluncertainties. Focus of the current work is the presentation of different scalings of the experimental
data and the proposal of a new model for the mean � ow� eld scaling. Comparison to a subsonic three-dimensional
boundary layer is made for this new scaling law.

Nomenclature
A, e = constants in Johnston triangular model
C f = skin-friction coef� cient
Q+ + = van Driest-transformedresultant velocity
Reh = Reynolds number based on momentum

thickness
Tw / T01 = total temperature ratio across the boundary

layer
U = mean velocity in the direction of the local

freestream
Ue = mean edge velocity in the direction of the

local freestream
U 1 = incoming freestream mean velocity
u s = friction velocity
W = mean velocity parallel to the wall

and perpendicularto U
X, Y, Z = Cartesian tunnel coordinates as indicated in

Fig. 1
Y + + = van Driest-transformed inner coordinate
c = local � ow angle
c e = � ow angle in the freestream
c w = � ow angle at the wall
D X , D Y, D Z = computationalgrid spacing
D Y + = distance from the wall in wall units
d 99 = local boundary-layer thickness
d 1 = incoming boundary-layerthickness
d ¤ = displacement thickness
h = momentum thickness
m w = kinematic viscosity evaluated at the wall

Introduction

W E present the resultsof a combinedexperimentaland compu-
tational study of a pressure-driven,three-dimensionalsuper-

sonic turbulentboundary layer generatedby a curved� n placed nor-
mal to the wall where the incomingtwo-dimensionalboundarylayer
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developed (Fig. 1). We are primarily concerned with the scaling of
themeanvelocitypro� les.Thecurvatureof the � n was chosenso that
the compression waves focused to a point well away from the sur-
face of the � n, and consequently,the � ow is shock free. The strength
of the spanwise and streamwise gradients increased progressively
through the interaction, so that the degree of three dimensionality,
that is, the level of yaw, increased in the same way. The freestream
incomingMach number is 2.87, and the � nal turningangle is 20 deg,
similar to previous studies of the three-dimensionalboundary layer
generatedby sharp, plane � ns. The near � ow� eld of the curved� n is
such that static pressures, static pressure gradients, and streamline
curvatures all increase continuously and gradually throughout the
entire� ow� eld, in the streamwiseand spanwisedirections.This is in
contrast to the more commonly studied shock-wave/boundary-layer
interactions of comparable ultimate pressure rise.

The experimental and numerical research programs were con-
ducted in parallel. First, the conditions of the incoming wind tun-
nel � oor boundary layer were established experimentally. With
these survey data, computationswere performed using a Reynolds-
averaged Navier–Stokes code and mean � ow� eld data were mea-
sured, that is, surface � ow visualization,wall static pressures, Pre-
ston tube data, yaw angles, and pitot and static pressure surveys.
Then, the experimental data were comparedwith the computations,
and after establishingcon� dence in the numerical results, the mean
� ow� eld structurewas analyzed in detail using both the experimen-
tal and numerical data.

The results were reported by Konrad et al.,1 who found that a
line of convergence appeared in the surface � ow visualization that
conveniently divided the � ow� eld into two regions. The upstream
region could be further subdivided into a small cross� ow region
and an upstream convergence region. The small cross� ow region
is characterized by small yaw angles (less than 10 deg). In the up-
stream convergenceregion, the cross� ow angles increased to about
20 deg, and the � ow near the wall experiencednear-wall retardation
similar to that seen in other adverse pressure gradient � ows. Pitch
angles were very small everywhere, and the local boundary layer
thickness remained almost constant throughout the interaction, so
that the streamline curvature was virtually con� ned to horizontal
planes (called in-plane curvature).

The strongest effects of three dimensionality were seen in the
downstreamconvergenceregion.The velocityin the outer part of the
layer decreasesdue to the pressuregradientsalong the mean stream-
line,while the near-wallvelocitypro� le is much fullerbecausehigh-
momentum � uid from the upstream boundary layer is drawn closer
to the wall as the low-momentum � uid originallynear the wall is re-
moved by the action of the spanwise pressuregradients.We discuss
the scaling of the mean velocity pro� les in detail. In particular,
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Fig. 1 Experimental setup.

Fig. 2 Johnston2 triangular model 1.8.

we are concerned with applicability of the Johnston2 triangular
model, as understood from the experimental and computational
results.Johnstonsuggestedthat the velocitiesin a three-dimensional
boundary layer in incompressible � ow are independent of the wall
distance and scale according to

W / Ue = e(U / Ue), W / Ue = A[1 ¡ (U / Ue)]

in regions I and II, respectively, of the polar representation of the
velocity pro� le shown in Fig. 2. Regions I and II are de� ned by
the vertices of the triangle and the slopes, which depend on the
parameters A and e, which are constants for a given location. In
region I, the velocities are collateral, that is, the yaw angles are
constant. The parameter e is found by plotting the velocity pro� les.
An observer moving with the freestream velocity would see the
velocity vectors in the outer part of the boundary layer point at a
plane that moves laterally and rotates with respect to the wall.

Perry and Joubert3 used a � rst-approximation analysis to show
that Johnston’s2 triangularplot is mainlya consequenceof thegeom-
etry of the apparatus. For the velocity pro� le to follow a triangular
distribution, then 1) the magnitude of the velocity gradient in the
outer region of the boundarylayer shouldbe of orderUe / L (L being
a typical streamwise length scale), rather than Ue / d , and 2) the ve-
locity defects in the spanwise and streamwise directions need to be
small, of order Ue d / L. It can be expected, therefore, that triangular
scaling will hold only in regions of small cross� ow.

Several attempts have been made to derive a law of the wall for
three-dimensional boundary layers. Pierce and McAllister,4 in an
extensive review of the literature, concluded that all current models
for subsonic� ow are restrictedto small cross� ow. The primarydif� -
culties in extendingthis work to highercross� ow anglesappearto be
the departuresfroman isotropiceddyviscosityand the identi� cation
of an appropriate velocity scale. For example, when the cross� ow
angles are small, there is little distinctionbetween the friction velo-

city based on the component of velocity in the freestream direction
or on the velocity magnitude itself. As the cross� ow increases, the
discrepancy will obviously grow.

In the supersonicregime, our understandingof three-dimensional
boundary layers is even more rudimentary. Past research has fo-
cused on shock-generatedinteractions,5,6 and few studies of shock-
free three-dimensionalboundary layers have been carried out. The
most interesting work was done by Hall7 and Demetriades and
McCullough.8 Hall7 reported extensive mean measurements in a
Mach 1.6–2.0 wavy passage � ow, where there was a reversal of
direction of the cross� ow, and found that the Johnston2 triangular
plot did not � t the data. Demetriades and McCullough8 generated a
shock-freethree-dimensionalboundary layer using a curve twisted-
edge model in a Mach 3 � ow. The model was designed to achieve
zerostreamwisepressuregradientwhilekeepingthe transversepres-
sure gradient constant. Again, Johnston’s2 triangular plot did not � t
the data, but the data followed van den Berg’s9 extended law of the
wall in the near-wall region. All other experiments reported in the
literature on supersonic three-dimensionalboundary layers studied
� ows where the three dimensionality was induced by a shock or
a shock-wave/boundary-layer interaction, and therefore the present
study was undertaken to help improve our basic understanding of
shock-free three-dimensionalboundary layers.

Experiment
All experiments on the three-dimensional curved � n � ow were

performed in the high Reynolds number supersonic blowdown
wind tunnel at the Princeton Gas Dynamics Laboratory. The
freestream had a Mach number of 2.87 (§1%), a total pressure
of 6.89 £ 105 N/m2 (§1%) (100 psi), and a nominal total temper-
ature of approximately 265 K (§2%). Wall conditions were nearly
adiabatic (Tw / T0 1 ¼ 1.04).

To determine the incoming boundary-layer conditions, � ve sur-
veys were taken at different spanwise locations using a high-
resolution pitot probe with a � attened tip height of only 0.635 mm
(0.025 in.). The boundary-layer parameters on the centerline are
listed in Table 1. Some spanwise nonuniformity was found, and it
was probably due to the inlet to the tunnel nozzle and the growth of
the sidewall boundary layers. The divergence from two dimension-
ality is relatively small (less than §5% in C f over 5 d 1 ) and, thus,
was not expected to in� uence the results of the current investigation
signi� cantly. At all survey stations, the boundary layer was typical
of a high Reynolds number, supersonic, self-preserving� ow.

The experimentalsetup is shown in Fig. 1. A Cartesiancoordinate
system was used, so that the origin was located at the leading edge
of the � n, on the centerlineof the test section [76.2 mm (3 in.) from
the � n leading edge], with X as the streamwise direction and Y as
the wall-normal direction.The � n was designed to have the inviscid
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focal point of the compressionwave system at 0.229 m (9 in.) span-
wise from the leading edge so that no shock waves would be gener-
ated in the 0.203 £ 0.203 m (8 £ 8 in.) tunnel test section.The com-
puted streamwise location of the focal point was 0.615 m (24.2 in.),
and the streamwise length of the � n was 0.476 m (18.7 in.). The
asymptotic � n angle was 20 deg, and the line of convergence in the
surface� owvisualizationwas locatedat X =0.36m (14.2 in.) on the
centerline. The work of Konrad10 contains all input data necessary
for computations.

Figure 3 shows a top view of the complete test section as it was
used for all experiments. A sidewall control plate was installed to
minimizesidewallboundary-layerseparation.Eightdifferentsurvey
plug positionswere used for � ow� eld measurements,evenly spaced
at 63.5 mm (2.5 in.) along the centerlineof the tunnel. The plug di-
ameter was 50.8 mm (2 in.). To be able to access a larger number
of stations, the model could be mounted in several streamwise po-
sitions. At the length Reynolds number used in the experiment, the
boundary-layerdevelopmentwas very slow, and moving the model
was judged to be acceptable. The plug was designed to accom-
modate all of the different survey instruments (Preston, three-hole
pitot, static probes), and it could be rotated during a survey so that
the probes could be aligned with the local � ow direction. In addi-
tion, the plug housed a wall static pressure tap that was particularly
useful when aligning probes.

For all boundary-layersurveys, a three-hole pitot (Cobra) probe
determined yaw angles and pitot pressures at each location by
nulling the pressuredifferentialof the outer tubes.The pitot pressure
uncertaintiesare expectedto bewithin 2%, andsmall misalignments
of the probe did not affect the reading of the pitot pressure. Pitch
angles were assumed to be small and, therefore,were not measured.
The highest pitch angle anywhere in the � ow� eld found from the
computedresultswas 5 deg,butno pitchanglegreaterthan1 deg was
found at the centerline survey locations.The uncertainties in initial

Table 1 Boundary-layer characteristics

Parameter Value

d 1 25 mm §5%
d ¤ 6.1 mm §2%
h 1.1 mm §3%
Reh 84,000 §5%
C f 0.00104 §5%

Fig. 3 Top view of experimental test section.

alignment were estimated to be less than 1 deg so that subsequent
adjustments of the data were not necessary.

The static surveys were made after the yaw angles were estab-
lished, and the static probe was simply yawed to the predetermined
� ow direction at a given height. The static probe was relatively in-
sensitive to misalignment;Liepmann and Roshko11 indicate a range
of §5 deg from the local � ow direction in which the static pres-
sure is read with errors of less than 1%. Further details are given by
Konrad.10

Computations
The three-dimensionalReynolds-averagedcompressibleNavier–

Stokes equations were employed with turbulencemodeled with the
algebraic turbulent eddy viscosity model of Baldwin and Lomax.12

Previous computations13 of the three-dimensionalsharp � n at com-
parable conditionshave demonstrated that the mean � ow� eld struc-
ture is principally rotational and inviscid (and hence insensitive to
the turbulencemodel employed) except in a very narrowregionnear
the surface.

The vectorized hybrid explicit–implicit numerical algorithm of
Knight14 was utilized to integrate the governing equations in time
from an assumed initial condition until steady state was achieved.
The conditionfor convergencewas an average relativechange in the
� ow� eld variables of less than 1% over one characteristic time tc

(the physical time requiredfor the � ow to traverse the computational
domain in the general streamwise direction).

A total of 107,325 grid points were employed. The streamwise
grid spacing was D X =0.5 d 1 , one-half of the value employed in
previous computations of the three-dimensional sharp � n under
similar � ow conditions.15,16 The computed results for the three-
dimensional sharp � n were found in good agreement with exper-
iment. The grid points in the Y – Z planes were stretched geomet-
rically with suf� cient resolution near the surfaces to resolve the
boundary layers on the � at plate and � n. The maximum value was
D Y + = D Y u s / m w = 0.89, which is suf� cient for accurate resolu-
tion of the viscous sublayer for an algebraic turbulence model.
The number of grid points in the Y direction within the upstream
boundary layer was 32, more than typicallyused for previous three-
dimensional single � n computations. Outside the region of three-
dimensional� ow, themaximumvaluewas D Y = D X = 0.5d 1 . This
is comparableto the valueemployedfor the three-dimensionalsharp
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� n. The boundary layer on the curved � n was transitional in the ex-
periment but modeled as fully turbulent from the leading edge in
the computations. Although the � n boundary layer has negligible
in� uence on the interaction (except in the immediate vicinity of the
corner formed by the � n and the � at plate), a reasonably accurate
gridwas employedwith minimumspacing.The maximumvalue D Z
was 0.49d 1 , which is comparable to the maximum value of D X and
D Y and the value employed for the three-dimensionalsharp � n.

The freestream conditions and the total temperature boundary-
layer pro� le were taken from the experiment. The upstream
boundary-layer pro� le for the computations was obtained from a
boundary-layercode(usingthe sameturbulencemodel)bymatching
the experimental displacement thickness d ¤ . The upstream pro� le
was obtainedfrom the boundary-layercalcultiontaking into consid-
eration the distance from the measurement location (X =96.5 mm)
(3.8 in.) to the location of the upstream boundary of the compu-
tations. At the location of the measurement of d ¤ , the computed
momentum thickness h was 1.28 mm (0.05 in.) (9.6% above the
average experimental value), and the computed skin-friction coef-
� cient was C f = 0.00097 (13.4% below the average experimental
value). This agreement is typical of previous comparisons with ex-
periment. (Further details are given by Konrad et al.1)

Results
The van Driest17 transformationwas used to map the compress-

ible mean velocity � eld into the incompressible domain. Note that
the transformation was applied to the magnitude of the velocity
vector in the local � ow direction rather than for the streamwise
component alone. The pro� les at four different stations are plotted
in Fig. 4. The friction velocities used in this representation were
found by the Clauser chart method,18 that is, by � tting the overlap
region to the standard logarithmic law using j =0.41 and an ad-
ditive constant of 5.2. This approach was also taken by Hornung
and Joubert19 in subsonic � ow. The wall shear stress was also found
using Preston tubes.20 In three-dimensional supersonic boundary
layers with considerablecross� ow, it seems possible to use Preston
tubes, mainly because the region very close to the wall displays
quasi-two-dimensionalbehavior. In the wall region, due to viscos-
ity and high-turbulence intensity, adjustment to pressure gradients
occurs quickly, and the application of the law of the wall is often
still a good approximation. For example, Kim et al.21 found good
agreement between the results obtained using Preston tubes and a
direct measurement of the shear stress using laser interferometry in
a three-dimensional shock-wave/boundary-layer interaction gener-
ated by a 10-deg sharp � n at Mach 3.

Although the accuracy of the derived shear stress is in question,
the agreement with the Preston tube method was within §10%, as
shown in Fig. 5. A sharp rise in the skin friction is observed at the
location corresponding to the location of the line of convergence.
The agreementwith the computationis also reasonablysatisfactory,
especially in the downstream convergence region. The largest dis-
crepanciesare found in the upstreamconvergenceregion, where the

Fig. 4 van Driest17 transformed velocity pro� les in inner coordinates.

Fig. 5 Skin-friction coef� cients along the centerline 3.17.

Fig. 6 Experimental yaw angles.

computationalresults fall below the experimentalvaluesby as much
as 30%.

The pro� les themselvesall show a logarithmic region,even in the
highly distorted downstreamparts of the � ow� eld. At X =0.349 m
(13.7 in.), a slight dip below the logarithmic law is seen in the
velocity pro� le, whereas at X =0.413 m (16.3 in.) a very large
dip has developed. These dips are typically associated with two-
dimensional � ows with concave streamline curvature. Here, they
most likely indicate the different history effects experiencedby the
inner and outer parts of the boundary layer (see subsequent discus-
sion). Farther downstream, however, the boundary layer starts to
recover, and at X =0.470 m (18.5 in.) the dip in the outer part of
the boundary layer has practically disappeared.

To demonstrate the increasing three dimensionality in the mean
� ow� eld, Fig. 6 shows the experimental yaw angles along the cen-
terline. Cross� ow is de� ned here as the differencebetween the wall
turning angle c w and the freestream turning angle c e . The cross� ow
increasessteadily until it reaches a maximum at about X = 0.413 m
(16.3 in.), where it drops slightly. Note that the small cross� ow
limit (for example, c w ¡ c e < 10 deg) is only met by the pro� le
at X =0.222 m (8.7 in.). There are some experimental dif� culties
in determining accurate yaw angles near the wall, but within the
experimental uncertainty, the yaw angles in the near-wall region
(Y + + < 1000) are approximatelyconstant, that is, the � ow is nearly
collateral. This region also corresponds to the region where the ve-
locity pro� les display a logarithmic variation with wall distance.

The experimentalstreamwise and spanwise velocity components
are plotted in Figs. 7 and 8, respectively, as a function of Y . The
natural normalizing parameter for Y would be the local boundary-
layer thickness,but due to the dif� culty in determiningtheedge state
and the absence of simple similarity parameters, we decided to plot
Y for all pro� les without a normalizing parameter. The velocities
are normalized by the local freestream. The line of convergence is
at X = 0.36 m (14.2 in.) and Z =0.
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Fig. 7 Streamwise velocity pro� les along the centerline.

In Fig. 7, it is seen the streamwise velocities upstream of the
convergence line are increasingly retarded as X increases,whereas
downstream of the line of convergence the three-dimensional ef-
fects dominate and the near-wall streamwise velocities increase as
a result of the entrainment of high-momentum � uid. In contrast
to two-dimensional adverse pressure gradient � ows, the velocity
pro� les downstream of the line of convergence are accelerated, al-
though the spanwise and streamwise pressure gradients continue to
increase monotonically with streamwise distance. Figure 8 shows
the spanwisecomponents,andherethemaximumvelocityis reached
at X =0.432 m (17 in.). Farther downstream, the relaxation of
the boundary layer leads to a decrease in the spanwise velocity
components.

The velocity components are shown in polar plots in Fig. 9. As
mentioned earlier, no generally applicable scaling law exists that
collapses three-dimensional boundary-layer velocity pro� les. Cer-
tainly the pro� les in the downstream locations do not collapse in
thispolar representation.Under certaingeometrical� ow conditions,
however, the data in the upstream part of the � ow� eld can be col-
lapsed. This is possible in the farthest upstream region, where the
behavioris close to that of two-dimensionalboundarylayers. In Fig.
10 thepolarplot for X = 0.222m (8.7 in.) is shown,and it followsap-
proximately the Johnston triangularmodel.2 The computedvelocity
pro� le is more convincing than the experimental one primarily be-
cause the experimentalsurveys in the upstreamregion fail to resolve
small changes in � ow direction. That we can expect the Johnston
triangular model to hold in the small cross� ow region (up to about
10-deg cross� ow) can be shown by a small perturbationanalysis of
the mass-averaged continuity and momentum equations, basically
following the incompressible analysis of Perry and Joubert,3 who
found that the Johnston2 triangle is a consequence of certain � ow
geometries. It can be assumed that in the outer part of the bound-
ary layer the mass-averagedand Reynolds-averagedanalysesdo not
differ too much because in this region the turbulenceMach numbers
are small.

Fig. 8 Spanwise velocity pro� les along the centerline.

Fig. 9 Polar plot of velocity pro� les.



KONRAD, SMITS, AND KNIGHT 2125

Fig. 10 Johnston2 triangular model for X = 0:222 m.

Fig. 11 Cross� ow pro� les scaled by the maximum cross� ow.

Fig. 12 Cross� ow pro� les scaled by the maximum cross� ow for
Anderson and Eaton.22

A different scaling can be tried. The shape of the polar plots is
generally rather similar, and the peak value simply corresponds to
thepointofmaximumcross� ow, that is, (W / U )max . Thisencourages
us to try plotting the yaw pro� les as ( c ¡ c e) / ( c w ¡ c e) vs Y / d 99.
The vertical distance from the wall where 99% of the freestream
total pressure is reached, d 99 , is determined as precisely as possi-
ble from the total pressure surveys. The collapse shown in Fig. 11
is very impressive and suggests a universal cross� ow distribution
for three-dimensional � ows. To test the universality of this cross-
� ow distribution, we plotted the data obtained by Anderson and
Eaton22 in a subsonic three-dimensional boundary layer generated
by a 90-deg wedge on a � at plate. The cross-� ow angles ranged
from 3.9 to 46.3 deg, and the results shown in Fig. 12 indicate that

the scaling we suggest here works well for this experiment, ex-
cept for the largest cross� ow case. The universal curves in Figs. 11
and 12 also agree reasonably well, and this new scaling appears
promising.Further work will need to be done to con� rm its general
applicability.

Summary
Three distinct � ow regimes were identi� ed in the interaction.

The velocity pro� les continued to display a logarithmic region in
all three � ow regimes, and it followed the standard logarithmic law,
given the uncertainties in � nding the wall stress. The logarithmic
region corresponded to the region of the velocity pro� le where the
yaw angles were approximately constant, that is, where the � ow is
collateral. In the outer � ow, a dip below the logarithmic region is
seen to develop, similar to what is seen in supersonic � ows with
adverse pressure gradient and concave streamline curvature. The
separation of the upstream region in two subdomains (the small
cross� ow region and the upstreamconvergenceregion) is somewhat
arbitrary and depends on the de� nition of small cross� ow. Here
we took 10 deg as the maximum small cross� ow angle, although
anothercriterioncouldbe the applicabilityof the Johnstontriangular
model, as we saw. The triangularscaling did not extend downstream
of the small cross� ow region. A new scaling is proposedfor the yaw
pro� les, where we found similarity of the cross� ow pro� le when it
is scaled by the maximum cross� ow.
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